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A SURVEY ON NON CHARACTERISTIC HEISENBERG GROUP DOMAINS
Najoua Gamara- Nadia Alamri
Abstract: In this work, we give a survey on non characteristic domains of Heisenberg groups.
We prove that bounded domains which are diffeomorphic to the solid torus having the center of
the group as rotation axis, are non characteristic. Then, we state the following conjecture : The
bounded non characteristic domains of the Heisenberg group of dimension 1 are those diffeomorphic
to a solid torus having the center of the group as rotation axis.
Motivation: After the pioneered works of D. Jerison and J.M. Lee on the Yamabe problem
on CR manifolds [12], and precisely during the last decade many works have been accomplished
on domains of the Heisenberg group and especially on non characteristic ones. We can mention
some of them: the resolution of critical and sub critical semi linear equations for the Kohn Spencer
Laplacian :
(Pε,f )


−∆Hu = Ku
3−ε + f in Ω
u > 0 in Ω
u = 0 on ∂Ω
where ∆H is the sublaplacian on H
1, K is a C3 positive function defined on Ω, f ∈ C(Ω), f ≥ 0,
f 6= 0 and ε ≥ 0.
Different methods have been established to prove existence and nonexistence results : variational
methods [2, 9, 5, 11, 29], sup and sub-solutions methods [7, 15, 18], blow-up techniques [3, 4, 8],
mean value formulas [13, 14, 16, 17], the moving plane techniques [6]. In [29] to investigate so-
lutions of (Pε,f ) on a bounded non characteristic domain Ω of the Heisenberg group, the authors
use a method based on the study of the critical points at infinity for the associated Euler-Lagrange
functional and their effect on the topology of its different level sets. Since in this case a crucial role
is played by the behavior of the Green function of the non characteristic domain and its regular part
near the boundary, they used the results of [28], where a complete study of the Green Function, its
regular part and their derivatives is given.
In [11] for Yamabe-type problems on Heisenberg group domains, K = 1 and (Pε,f ) = (P0,0), N.
Garofallo and E. Lanconelli proved a nonexistence result for Yamabe-type problem ( the caseK = 1
and (Pε,f ) = (P0,0)), where Ω is a H-starshaped domain. In [10], G. Citti and F. Uguzzoni studied
the CR version of a famous theorem due to A. Bahri and J.M. Coron [1] and proved an existence
result for Yamabe-type problem on Heisenberg group domains with nontrivial homology group.
In [26], the authors gave existence and multiplicity of solutions for the casesK = 1, ε ≥ 0, in (Pε,f ),
on a bounded non characteristic domain using the so called method of Liapunov-Schmidt reduction
and variational methods. The same authors with A.Pistoia in [27] proved the existence of concen-
trating solutions for the slightly sub-critical problem under a suitable assumption on ∂Ω and that
the Robin’s function of the domain has a non-degenerate critical point.
Unfortunately few things are known about the non characteristic sets of the Heisenberg group.
For instance, due to topological reasons every bounded C1 domain in the Heisenberg group Hn,
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whose boundary is homeomorphic to the 2n-dimensional sphere S2n, has non-empty characteristic
set. Recall that a basic result, due to Derridj [19], [20], shows that, at least from the measure
theoretic point of view, the set of characteristic points is not too big, more precisely if S is a C1
surface of the Heisenberg group, the standard surface measure of S vanishes. We have to mention
the recent results of Balogh and Magnani, the first author [21] has proved that for a C1 domain in
the Heisenberg group Hn, the characteristic set has zero (Q − 1)-dimensional Haussdorf measure
with respect to the Carnot-Caratheodory distance of Hn. Whereas Magnani has extended Balogh’s
result to Carnot groups of step 2 in [23], and further to groups of arbitrary step [24].
Typically, in the theory of sub-elliptic equations, or in Carnot-Caratheodory Geometry, charac-
teristic points are present, take for example the more simplest domains of Hn: Koranyi balls have
two characteristic points. Consequently a domain with an empty characteristic set must possess
some special properties, either geometric or topological. The goal of the present work is to provide
examples of domains such that their boundaries admit empty characteristic sets.
1. Introduction and Statement of main Results
In this work, we will attempt to give a survey on non characteristic bounded domains of the
Heisenberg group H1. As we will see, the construction of bounded domains is delicate, and involves
topology.
We begin by recalling that the Heisenberg group Hn, (n ≥ 1) is the Lie group whose underlying
manifold is Cn × R = R2n+1 and whose group law is given by
τ(z′,t′)(z, t) = (z
′, t′) · (z, t) = (x + x′, y + y′, t+ t′ + 2(< x, y′ > − < x′, y >))
where < ., . > denotes the inner product in the euclidian space Rn, (z, t) = (x1, ...., xn, y1, ...., yn, t)
and (z′, t′) = (x′1, ...., x
′
n, y
′
1, ...., y
′
n, t
′). The Heisenberg group Hn is a Cauchy Riemann manifold of
hypersurface type. The horizontal distribution H of Hn, is spanned by the following vector fields:
Xj =
∂
∂xj
+2yj
∂
∂t
and Yj =
∂
∂yj
− 2xj
∂
∂t
, j = 1, ..n and if we denote T =
∂
∂t
, the tangent bundle
of Hn has the following natural decomposition
THn = H
⊕
RT.
Following the geometrical interpretation due to I. Piatetski-Shapiro, [30], ones can introduce the
Heisenberg group Hn using its identification with the boundary Mn of the Siegel Domain:
Dn+1 = {(ξ0, ξ1, ..., ξn) = (ξ0, ξ) ∈ C× C
n;
n∑
1
|ξj |
2 − Imξ0 < 0}
Mn = ∂Dn+1 = {(ξ0, ξ) ∈ C× C
n;
n∑
1
|ξj |
2 = Imξ0}.
The Siegel domain Dn+1 is holomorphically equivalent to the unit ball in C
n+1. The Heisenberg
group Hn acts on Cn+1 by holomorphic affine transformation which preserve Dn+1 and Mn as
follows: if (z, t) ∈ Hn and ξ ∈ Cn+1, (z, t) • ξ = ξ′ where
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ξ′0 = ξ0 + t+ i|z|
2 + 2i
n∑
1
ξj z¯j
ξ′j = ξj + zj , 1 ≤ j ≤ n.
Since this action is transitive on Mn, the group H
n is identified with Mn via the correspondence:
(z, t)↔ (z, t) • 0 = (t+ i|z|2, z1, ......, zn).
Under this identification the CR structure on Hn described above coincides with the CR structure
on Mn induced from C
n+1.
We will focus on the first component function of the correspondence above which we denote
by w = t + i|z|2. In [22] R.Hladky has stated that w is a CR function and that the domains of
the Heisenberg group Hn obtained as the product of a smoothly bounded precompact domain in
the 2-hyperbolic space and the unit sphere of dimension 2n − 1 for n ≥ 2, satisfy two important
properties:
(I) These domains have no characteristic boundary points.
(II) These domains admit a smooth defining function depending solely on the real and imaginary
parts of the CR function w.
In this work, we will be interested on the study of the non characteristic domains of the 1-
dimensional Heisenberg group.
We consider smooth bounded domains of the upper half plane R2+,.
U ⊂ R2+ = {(x, y) ∈ R
2/ y > 0}.
and their reciprocal images by w in H1 :
Ω = {(z, t) ∈ H1/ w = t+ i|z|2 ∈ U} = w−1(U)(1)
We prove the following result:
• Let Ω be an open set of H1 and U a smooth bounded domain of the upper half plane as above,
then Ω is diffeomorphic to U × S1.
We remark then that if the boundary of the domains U intersect the line {y = 0}, then the
domains Ω satisfying (1) are characteristic sets of the Heisenberg group H1. Since in this work
we are concerned with non characteristic domains, we will take open sets U of R2+ such that their
boundaries have no intersection with the line {y = 0}. Under this hypothesis, we prove the following
results:
• Let U be a convex domain of the upper half plane as above and A be any interior point of U,
then the closure of U is homeomorphic to a disc of center A.
• If Ω is a domain of H1 satisfying (1) with U convex and ∂Ω = w−1(∂U), then Ω is a non
characteristic domain of the Heisenberg group H1.
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• The smoothly bounded and open domains of H1 which are diffeomorphic to the generalized solid
Torus of axis the center of H1 are non characteristic.
We conclude this survey by stating the following conjecture
• The only smoothly bounded and non characteristic domains of H1 are those diffeomorphic to the
generalized solid Torus of revolution axis: the center of H1.
2. Preliminaries
The Heisenberg group Hn is the homogeneous Lie group whose underlying manifold is Cn×R =
R2n+1 and whose group law is given by
τ(z,t)(z
′, t′) = (z, t) · (z′, t′) = (x′ + x, y′ + y, t′ + t+ 2(< x′, y > − < x, y′ >))
where < ., . > denotes the inner product in the euclidian space Rn, (z, t) = (x1, ...., xn, y1, ...., yn, t)
and (z′, t′) = (x′1, ...., x
′
n, y
′
1, ...., y
′
n, t
′).
The center of the Lie group Hn, is Z = {(0, t), 0 ∈ Cn, t ∈ R}. The Hn-dilatations are the following
transformations
δλ : H
n −→ Hn , (z1, z2, ....zn, t) 7−→ (λx, λy, λ
2t) , where λ > 0.
The Jacobian determinant of δλ is λ
2n+2, it yields that the homogeneous dimension of Hn is 2n+2.
The homogeneous norm of the space is ρ(z1, z2, ....zn, t) =
(
(
∑n
j=1(| zj |
4 +t2
) 1
4 and the natural
distance is accordingly defined for
d((z, t); (z′, t′)) = ρ((z, t) · (z′, t′)−1) := ρ((z, t) · (−z′,−t′)).
The Koranyi ball of center ξ0 and radius r is defined by B(ξ0, r) = {ξ ∈ Hn ρ(ξ0 · ξ−1) ≤ r}. The
vector fields
Zj =
∂
∂zj
+ izj
∂
∂t
, j = 1, ...n.
are left invariant with respect to the group law and homogenous of degree −1 with respect to the
dilations. The space T1,0 = span {Z1, ...........Zn} gives the CR structure of Hn.
Let H = Re(T1,0 +T0,1) where T0,1 = T1,0. The bundle H is called the horizontal distribution of
Hn and it is spanned by Xj =
∂
∂xj
+ 2yj
∂
∂t
and Yj =
∂
∂yj
− 2xj
∂
∂t
, j = 1, ...n.
The tangent bundle of Hn has the following natural decomposition THn = H
⊕
RT, where T =
∂
∂t
.
The complex structure on Hn is given by
J : H −→ H, V + V 7−→ J(V + V ) = i(V − V ) ∀ V ∈ T1,0
and (H, J) gives a real CR structure on Hn.
The real 1-form
θ0 = dt+ i
∑
(zjdz¯j − z¯jdz
j)
annihilates H, ker(θ0) = H, we take it to be the contact form for the CR structure of H
n.
The subgradient or horizontal gradient of the Heisenberg groupHn is given by∇Hn = (X1, ....Xn, Y1, ....Yn).
The sublaplacian operator or the Kohn-Spencer laplacian of (Hn, θ0) is given by
∆b = −
n∑
j=1
(
X2j + Y
2
j
)
.
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Definition 2.1. Let Ω ⊂ Hn, be an open set. A Cm defining function, m ≥ 1, for Ω is a real-valued
Cm function ϕ defined on a neighborhood U of the boundary of Ω such that Ω∩U = {x ∈ U,ϕ(x) <
0}, ∂Ω ∩ U = {x ∈ U,ϕ(x) = 0} and ∇ϕ 6= 0 on ∂Ω, where ∇ϕ is the Euclidean gradient of ϕ.
If Ω has a Cm defining function, we say that it is a Cm domain.
Definition 2.2. Let Ω be a smooth domain of Hn, ξ0 ∈ ∂Ω, we say that a smooth function ϕ
describes the boundary of Ω in a neighborhood of ξ0 if there exist
ϕ : B(ξ0) −→ R; ϕ(ξ) = 0 if ξ ∈ Bd(ξ0) ∩ ∂Ω
ϕ(ξ) < 0 if ξ ∈ Bd(ξ0) ∩Ω
where B(ξ0) is a ball of H
n of center ξ0.
Definition 2.3. Let Ω be a smooth domain of Hn, ξ0 ∈ ∂Ω, we say that ξ0 is a characteristic
point of Ω, if ∇Hnϕ(ξ0) = 0, where ϕ is a smooth function which describes the boundary of Ω in a
neighborhood of ξ0.
We have also the following equivalent definition
Definition 2.4. A point ξ ∈ ∂Ω is a characteristic point for Ω if the boundary of Ω is tangent to
the distribution H at ξ, i.e Tξ∂Ω = Hξ.
Remark 2.5. Recall that the property for a point of a given domain to be characteristic is inde-
pendent of the choice of the function which locally describes this boundary since if f1 and f2 are
two defining functions of the boundary of Ω near a point ξ0 then there exists a smooth function h
such that f1 = hf2.
At non-characteristic points the tangent space to ∂Ω intersects H transversally with codimension
1. Thus, at characteristic points the horizontal normal to the boundary of the domain could not
be defined. This fact, makes analysis estimates especially those related to the resolution of critical
and sub critical semi linear equations for the Kohn- Spencer laplacian difficult near such points.
Definition 2.6. A Heisenberg group domain is said to be characteristic if its boundary admits
characteristic points, otherwise it is said to be non characteristic.
Recall that for a non characteristic point ξ ∈ ∂Ω, the intrinsic outer unit normal to ∂Ω at ξ is
called the horizontal unit normal and it is given by
−→ν =
∇Hnϕ(ξ)
|∇Hnϕ(ξ)|H
(2)
Remark 2.7. For an interested reader detailed examples of characteristic and non characteristic
domains can be found in [25].
Let U be a regular bounded domain of the upper half plane R2+:
U ⊂ R2+ = {(x, y) ∈ R
2/ y > 0}.
We consider the sub domains Ω of H1 satisfying condition (1). We have the following result.
Proposition 2.8. Let Ω be an open set of H1 with property (1), then Ω is diffeomorphic to U ×S1.
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Proof : We consider the following correspondence
F : H1 \ Z −→ R2+ × S
1
(z, t) 7−→ (w(z, t), z|z| ).
The tangent map of F at any point (z, t) ∈ H1 \ Z is
TF(z,t) : R
3 −→ R2 × TS1z
|z|
V = (v1, v2, v3) 7−→ (v3, [z(v1, v2) + z(v1, v2)];
(v1,v2)
|z| −
1
2 [z(v1, v2) + z(v1, v2)]
z
|z|3 ).
It is easy to check that TF(z,t) is an isomorphism, in fact it is sufficient to prove that it is one to
one, which is the case since if V = (v1, v2, v3) is in the kernel of TF(z,t), we have
(v3, [z(v1, v2) + z(v1, v2)];
(v1, v2)
|z|
−
1
2
[z(v1, v2) + z(v1, v2)]
z
|z|3
) = 0
it is straightforward that v3 = 0 and after identification of the second and third components of the
left and the right hand side of the above equation, we derive that [z(v1, v2) + z(v1, v2)] = 0 and
(v1, v2) = 0, therefore
(v1, v2, v3) = 0.
Which gives that F is a local diffeomorphism between H1 \ Z and R2+.
Furthermore F is bijective, indeed
- if (x + iy;Y ) ∈ R2+ × S
1, then (x+ iy;Y ) = F (y
1
2 Y ;x), hence F is onto.
- F is also one to one, since if (t, |z|2, z|z| ) = (t
′, |z′|2, z
′
|z′| ), then t = t
′, |z| = |z′| and z|z| =
z′
|z′| which
gives 0, z and z′ are positively collinear with the same modulus so z = z′.
So we have proved that F is a diffeomorphism. Since the open set Ω of H1 satisfies (1), it is also an
open set of H1 \Z. Now, if we consider the restriction of F to Ω, we deduce that Ω is diffeomorphic
to its image F (Ω), which is obviously equal to U × S1. The proof is thereby complete.
Example 2.9. We turn now to study a specific example of domains of R2+. Let us consider the
domain U bounded by the geodesic of R2+ : the half circle of center O = (0, 0) and radius 1 based
on the x-axis and the x-axis, more precisely U = {(x, y), /;x2 + y2, y > 0}. By rotating U around
the x-axis and regarding the correspondence F, we obtain a diffeomorphism between U ×S1 and the
open unit Koranyi ball with the set ] − 1, 1[×{0} omitted. Hence, the open set Ω obtained has at
least two characteristic points.
Remarque 2.10. The set U × S1 is diffeomorphic to the unit Koranyi ball.
What we can conclude here, is if the boundary of U intersects the line {y = 0}, the sets Ω
satisfying (1) admit characteristic points on their boundaries. Since the aim of the present work is
to characterize the sets of H1 without characteristic boundary, we will limit our search to the set of
sub domains U of R2+ such that their boundaries have no intersection with the line {y = 0}, which
implies that the boundaries of the sets Ω satisfying (1) have no intersection with the center Z of
H1.
From now on, we will consider open sets Ω of H1 satisfying property (1) with ∂U ∩ {y = 0} = ∅.
Furthermore, we suppose that
∂Ω = w−1(∂U).(3)
Let Ω be a bounded domain of H1 satisfying (1) and (3).
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We denote by f the first coordinate function of F and introduce the following composition of
maps:
Ψ : H1 \ Z −→f R2+ −→
ψ R2+ × R
2
+ −→
φ R
(z, t) 7−→ w(z, t) 7−→ (w,w) 7−→ φ(w,w)
where, φ is a smooth function and R2+ denotes the conjugate set of R
2
+.
We denote ΨΩ, the restriction of Ψ to Ω:
ΨΩ : Ω −→
f U −→ψ U × U −→φ R
(z, t) 7−→ w(z, t) 7−→ (w,w) 7−→ φ(w,w)
where, here U denotes the conjugate set of the open U.
Lemma 2.11. Suppose that φ ◦ ψ is a smooth function which describes the boundary of U in a
neighborhood of w0 ∈ ∂U, such that w0 = f(ξ0), ξ0 = (z0, t0) ∈ ∂Ω. If Ω satisfies (1) and (3), then
Ψ = φ ◦ ψ ◦ f is a locally defining function of the domain Ω, near ξ0.
Proposition 2.12. Let U and Ω be given domains as above and ξ0 ∈ ∂Ω, w0 = f(ξ0). The tangent
space Tξ0∂Ω is characterized as follows:
Tξ0∂Ω = {v = (v1, v2, v3) ∈ R
3/(v3, x0v1 + y0v2) ∈ Tw0∂U}.
Proof
The orthogonal space to ∇ξ0Ψ is equal to the tangent space Tξ0(Ω(ξ0) ∩ ∂Ω) = Tξ0∂Ω which is of
dimension 2, it is given by:
Tξ0∂Ω = {v ∈ R
3/ < ∇ξ0Ψ, v >= 0}
= {v ∈ R3/Df(ξ0)v ∈ Ker(D(φ ◦ ψ)(w0))}
where <,> denotes the Euclidian inner product and Ker(D(φ◦ψ)w0) is the kernel of the derivative
of the function φ◦ψ at w0. Since φ◦ψ is a local defining function of ∂U at w0, this kernel is equal to
the tangent space of U(w0)∩ ∂U at w0. So, it is equal to the tangent space of ∂U at w0. Therefore,
for v = (v1, v2, v3) ∈ R3, the condition Df(ξ0)v ∈ Ker(D(φ ◦ψ)w0) can be reformulated as follows:
(v3, x0v1 + y0v2) ∈ Tw0∂U, the result follows.
3. Determination of the tangent space T∂Ωξ0
In this section, we will determine the tangent space Tξ0∂Ω for open bounded domains U ⊂ R
2
+
and subdomains Ω of H1 \ Z satisfying conditions (1) and (3).
We suppose that U is a convex set, hence the closure K of U is a compact convex set of R2+
hence of R2. Let A = (a1, a2) be an interior point of U, we have the following result
Proposition 3.1. The compact convex set K is homeomorphic to a disc of center A.
Proof:
Since U is an open set of R2, it contains an open disc of center A and radius r, denote it byDO(A, r).
Therefore the closed disc D(A, r) ⊂ U¯ . Next, we will consider the following map which sends the
boundary of U on the boundary of the disc D(A, r)
g : ∂U −→ S1(A, r)
X 7→ A+ r
X −A
‖X −A‖
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g is one to one since if X and X ′ are points of the boundary such that g(X) = g(X ′), then
X −A
‖X −A‖
=
X ′ −A
‖X ′ −A‖
, suppose that X 6= X ′ which implies that the points X,X ′ and A are
collinear. Suppose for example that X ′ is between A and X and consider the homothetic transfor-
mation H of R2 of center X ′ and ratio h which sends A to X. Let X0 ∈ D(A, r) and Y0 = H(X0),
since K is convex, the segment [X0, X
′] ⊂ K but Y0 ∈ [X0, X ′], therefore Y0 ∈ K. Hence, the
image H(D(A, r)) is a disc of center X included in K, it yields that X is an interior point of K but
X ∈ ∂U = ∂K which is a contradiction. The map g is onto:
Let M be a boundary point of K, since K is convex and A ∈ U ⊂ K the segment [A,M ] ∈ K.
Let ω ∈ S1(A, r), the intersection {A + t(ω − A), t ≥ 0} ∩ K of the half line of R2 of origin A
containing ω with K, is compact and convex in {A+ t(ω−A), t ≥ 0}, hence it is equal to a segment
[A,A+a(ω)(ω−A)] where a(ω) > 0 is a constant depending on ω. The point A+a(ω)(ω−A) ∈ ∂K,
indeed the sequence of points Xm = (A+ (a(ω) +
1
m
)(ω −A)), m ≥ 1 is in the complement of K in
R2 and converges to A+a(ω)(ω−A) and g(A+a(ω)(ω−A)) = ω. Since the function g is continuous
and closed, we deduce that g is an homeomorphism between ∂K and S1(A, r). Now define:
G : D(A, r) −→ K
Y 7−→
{ A if Y = A
A+
‖A− Y ‖
‖A− PrS1(Y )‖
[g−1(PrS1(Y ))−A] if Y 6= A
We claim that G is a homeomorphism between D(A, r) and K. It is obvious that the function G is
continuous for Y 6= A and the continuity in A follows from the compactness of ∂K. On the other
hand, G is bijective with inverse map
H : K −→ D(A, r)
X 7−→
{ A if X = A
A+
‖A−X‖
‖A− Pr∂K(X)‖
[g(Pr∂K X))−A] if X 6= A
where Pr∂K and PrS1 , are respectively the projection map on the boundary of K and on the
boundary of the circle S1(A, r).
To complete the proof, it remains to show that G is closed, this fact follows using the compactness
of the disc D(A, r).
Proposition 3.2. Let U be an open convex and bounded subset of the half upper plane such that
the boundary of U does not intersect the line {y = 0}. If Ω is the domain of H1 satisfying (1) and
(3), then Ω is a non characteristic domain of H1.
Proof
Using proposition 3.1, U is diffeomorphic to the open disc Do(A, r) = {M ∈ R2/‖AM‖ < r}.
Suppose that A = (a1, a2), then S
1(A, r) = ζ−1(0) where ζ is the function
ζ : R2 −→ R
(X,Y ) 7−→ (X − a1)2 + (Y − a2)2 − r2
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Therefore, the tangent space to the circle S1(A, r) at the point (X,Y ), T(X,Y )S
1(A, r) is equal
to the vector space <
−−→
AM >⊥ . Since for a given ξ0 ∈ ∂Ω and w0 = f(ξ0), we have
Tξ0∂Ω = {v = (v1, v2, v3) ∈ R
3/(v3, x0v1 + y0v2) ∈ Tw0∂U}
we obtain
Tξ0∂Ω = {v = (v1, v2, v3) ∈ R
3/v3(t0 − a1) + 2(x0v1 + y0v2)(x20 + y
2
0 − a2) = 0}.
So, v = (v1, v2, v3) is in the tangent space of ∂Ω at ξ0 = (z0, t0) if and only if the following
equation is satisfied
v3(t0 − a1) + 2(x0v1 + y0v2)(x
2
0 + y
2
0 − a2) = 0.(4)
If t0 = a1 then (x
2
0 + y
2
0) 6= a2, otherwise f(x0, y0, t0) = (a1, a2) which is an interior point of U. For
the same reason if x20 + y
2
0 = a2, then t0 6= a1, .
We denote the horizontal tangent space to ∂Ω at ξ0 by hξ0 , and let V = (v1, v2, v3) ∈ Tξ0∂Ω ∩ hξ0 .
(Xξ0 , Yξ0) is a basis of hξ0 :
Xξ0(ξ) =
∂
∂x
+ 2y0
∂
∂t
Yξ0(ξ) =
∂
∂y
− 2x0
∂
∂t
for ξ = (x, y, t) ∈ H1. We have
V = v1
∂
∂x|ξ0
+ v2
∂
∂y|ξ0
+ v3
∂
∂t|ξ0
= αXξ0 + β Yξ0 α, β ∈ R.
It yields
V = α
∂
∂x|ξ0
+ 2αy0
∂
∂t|ξ0
+ β
∂
∂y|ξ0
− 2βx0
∂
∂t|ξ0
.
So
V = α
∂
∂x|ξ0
+ β
∂
∂y|ξ0
+ 2(αy0 − βx0)
∂
∂t|ξ0
.
Therefore, if V = (v1, v2, v3) ∈ Tξ0∂Ω ∩ hξ0 , we obtain
v1 = α, v2 = β
and
v3 = 2(αy0 − βx0) = 2(v1y0 − v2x0)(5)
Three cases may occur:
(1) First case:
If t0 = a1 from equation (4), we deduce that v1x0 + v2y0 = 0, since (x
2
0 + y
2
0) 6= a2, hence
(v1, v2) is orthogonal to (x0, y0), then (v1, v2) is of the form: (v1, v2) = a(−y0, x0), where
a is a real constant. Thus, we deduce the final form for the vector V = (v1, v2, v3) in
Tξ0∂Ω ∩ hξ0 :
V = a(−y0, x0,−2(v
2
0 + y
2
0)).
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It yields that
Tξ0∂Ω ∩ hξ0 = {a(−y0, x0,−2(x
2
0 + y
2
0)), a ∈ R} which is a vector space of dimension 1.
Therefore, ξ0 is not a characteristic point for Ω.
(2) Second case:
If x20+y
2
0 = a2, then from equation (4), we deduce that v3(t0−a1) = 0 since t0 6= a1thenv3 =
0. In this case, if V = (v1, v2, v3) ∈ Tξ0∂Ω ∩ hξ0 , V = (v1, v2, 0). But, we have from (5),
v3 = 2(v1y0 − v2x0), so v1 y0 = v2 x0.
If y0 6= 0 then, v1 = v2
x0
y0
and V = (v2
x0
y0
, v2, 0). It yields that
Tξ0∂Ω ∩ hξ0 = {v2(
x0
y0
, 1, 0), v2 ∈ R}, which is a vector space of dimension 1.
If x0 6= 0, then v2 = v1
y0
x0
and V = (v1, v1
y0
x0
, 0). In this case
Tξ0∂Ω ∩ hξ0 = {v1(1,
y0
x0
, 0), v1 ∈ R}, which is also a vector space of dimension 1.
The case y0 = x0 = 0 could not occur since by hypothesis
f(x0, y0, t0) = w0 = t0 + i|z0|
2 ∈ ∂U
and
∂U ∩ {y = 0} = ∅
so |z0|2 6= 0.
(3) Third case
If t0 6= a1 and x20 + y
2
0 6= a2, we obtain for V = (v1, v2, v2) ∈ Tξ0∂Ω ∩ hξ0 using (4) and (5),
the following equations
2x0(x
2
0 + y
2
0 − a2)v1 + 2y0(x
2
0 + y
2
0 − a2)v2 + (t0 − a1)v3 = 0
2y0v1 − 2x0v2 − v3 = 0.
If we denote x20 + y
2
0 − a2 by B and t0 − a1 by C, we have
2x0Bv1 + 2y0Bv2 + C(2y0v1 − 2x0v2) = 0
and
2y0v1 − 2x0v2 − v3 = 0.
It yields that
[2x0B + 2y0C]v1 + [2y0B − 2x0C]v2 = 0
and
2y0v1 − 2x0v2 − v3 = 0.
This system of two equations is the intersection of two planes:
P1 : [B x0 + C y0]v1 + [B y0 − C x0]v2 = 0.
P2 : 2y0 v1 − 2x0 v2 − v3 = 0.
The planes P1 and P2 have respectively the following normal vectors:
N1 = ([B x0 + C y0], [B y0 − C x0], 0)
and
N2 = (2y0,−2x0,−1).
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Since, N1 is not parallel to N2, we deduce that the intersection of P1 and P2 is a vector
space of dimension 1. The result follows.
Remark 3.3. The set U × S1 has a natural structure of a smooth manifold homeomorphic to the
open solid torus D(A, r) × S1. It is known that in dimension 1, 2 and 3 any pair of homeomorphic
smooth manifolds are diffeomorphic.
As a consequence of Proposition 3.1 and proposition 3.2 we have the following result
Corollary 3.4. The open smoothly bounded domains of the Heisenberg group H1 which are diffeo-
morphic to the solid generalized open torus having as revolution axis the center of the group are
non characteristic.
Next, we give an example of a non characteristic domain of the Heisenberg group H1.
Example 3.5. We consider: Ω = {(z, t) ∈ H1, |w−(2i+1)| < 1}. The set Ω is the open Heisenberg
solid torus Do × S
1, having the center of H1 as revolution axis where Do is the open disc of R
2
+ of
center (1, 2) and radius 1.
And we conclude this survey by stating the following
Conjecture
The only smoothly bounded and non characteristic domains of the Heisenberg group H1 are those
diffeomorphic to the generalized solid torus of revolution axis, the center of the group.
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